In this paper, we introduce a general (p, q)-Sturm-Liouville difference equation whose solutions are (p, q)-analogues of classical orthogonal polynomials leading to Jacobi, Laguerre, and Hermite polynomials as (p, q) → (1, 1). In this direction, some basic characterization theorems for the introduced (p, q)-Sturm-Liouville difference equation, such as Rodrigues representation for the solution of this equation, a general three-term recurrence relation, and a structure relation for the (p, q)-classical polynomial solutions are given.
Introduction
Postquantum calculus, or (p, q)-calculus, is known as an extension of quantum calculus that recovers the results as p → . For some basic properties of (p, q)-calculus, we refer to [-] .
In the q-case, the solutions of a q-Sturm-Liouville problem are q-orthogonal functions [, ] , which reduce to the q-classical orthogonal polynomials, appear in a natural way [] . Very recently [] , a new generalization of q-Sturm-Liouville problems, namely, (p, q)-Sturm-Liouville problems, has been analyzed. In this paper, we show that the (p, q)-difference equation is of hypergeometric type, that is, the (p, q)-difference of any solution of the equation is also a solution of an equation of the same type. From this fundamental property the Rodrigues formula for the solutions is derived, and the coefficients of the three-term recurrence relation, satisfied by the orthogonal polynomial solutions of the (p, q)-difference equation, are obtained.
The paper is organized as follows: In Section , we collect some definitions and notations of (p, q)-calculus and include some new results that will be used in this paper. In Section , the (p, q)-difference equations of hypergeometric type are introduced, in the sense that the (p, q)-difference of a solution of the equation is solution of an equation of the same type. In Section , a Rodrigues-type formula for the polynomial solutions of the (p, q)-difference equation of hypergeometric type is obtained. In Section , we obtain the coefficients in the three-term recurrence relation for the orthogonal polynomial solutions of the (p, q)-difference equation of hypergeometric type. A difference representation and a (p, q)-structure relation are also obtained. Finally, in Section , we present (p, q)-analogues of shifted Jacobi, Laguerre, and Hermite polynomials. For each of this specific families, we provide a (p, q)-difference equation of hypergeometric type, the coefficients of the three-term recurrence relation, the weight function, and the orthogonality property. Limit transitions from these (p, q)-analogues to the classical families are also given. Appell families are also studied in detail.
Basic definitions and notations
In this section, we summarize the basic definitions and results, which can be found in [, -] and references therein.
For k ≥ , the q-shifted factorial is defined as
which can be generalized to the (p, q)-power as
Moreover, for k < , we define
Hence, we have
For any complex number λ, we also introduce
The q-numbers are defined as
and their generalization as
where 
The functions
and
are respectively known as a q-analogue and a (p, q)-analogue of the exponential function.
where
The (p, q)-difference operator is a linear operator: for any constants a and b, we have
Moreover, it can be proved that
The (p, q)-integral is defined by
For two nonnegative numbers a and b with a < b, definition () yields
A regular Sturm-Liouville problem of continuous type is a boundary value problem of the form
which is defined on an open interval, say (a, b), with boundary conditions 
dx denotes the norm square of the functions y n , and δ mn stands for the Kronecker delta.
The following result has been proved in [] .
Theorem . Let {y n (x; p, q)} be a sequence of functions satisfying the equation
where A(x), B(x), C(x), and D(x) are known functions, and λ n,p,q is a sequence of constants, then
which is equivalent to
Of course, the weight function defined in () must be be positive, and
Remark . Let θ (x; p, q) be a known and predetermined function. The solution of the difference equation
can be represented as []
(p, q)-Difference equations of hypergeometric type
First, from the definition of shift operator () we can be verify that
Let us assume in () that A(x) and B(x) are polynomials of degree at most  and , respectively, D(x) = , and C(x) = . For our purposes, it is convenient to consider a particular case of () as
with d = . Let y(x) be a solution of (), and let
We prove that v  (x) is also a solution of an equation of the same type as (). With notation (), we can rewrite () as
If the (p, q)-difference operator D p,q is applied to the latter equation, then it yields
Also, since
we obtain
Hence, it is proved by induction that v n (x) satisfies
4 Rodrigues-type representation for the polynomial solutions of equation (22) Theorem . The polynomial solutions of equation () satisfy the Rodrigues-type formula
Proof Let w(z) and w n (z) satisfy the following (p, q)-Pearson difference equations:
Multiplying () and () by w(z) and w n (z), we can rewrite the equations in a self-adjoint form as
On the other hand, since
using () and (), we can write () as
If y(x) is a polynomial of degree n, that is, y = y n (x), then
n (x) and v n (x) = y (n) n (z) = const., and for y
The result follows from this expression for m = .
Three-term recurrence relation for the polynomial solutions of equation (22)
First, to calculate the corresponding eigenvalues λ n,p,q , since
by equating the coefficients of x n we obtain
Lemma . For each nonnegative integer n, the uniqueness of a monic polynomial solution of equation () is equivalent to the following conditions:
Proof The result can be obtained following the same steps as in the continuous case. 
where λ n = λ n,p,q is defined in ().
Lemma . There exists a sequence {β n } n∈N such that the polynomial
has exactly degree n - for each n ∈ N and
and P n (x) = x n + ,n x n- + · · · .
Proof Let us expand the monic polynomial solution of equation ():
we have
The coefficient in x n+ in () is zero by noting the value of λ n in (). To have a polynomial of degree exactly n - in the variable x, we obtain () with the condition λ n+ = λ n . Finally, the coefficient of x n- is derived by ().
Lemma . For each nonnegative integer n, we have
where U n (x) is defined in ().
By the uniqueness of the polynomial solution of () there exists a constant n such that
Lemma . LetP n (x) be the unique monic polynomial solution of degree n of (). Then, there exist two sequences {β n } n≥ and {γ n } n≥ such that the following three-term recurrence relation holds:
()
Moreover, β n is given in (), and
These two lemmas can be improved as follows.
Theorem . LetP n (x) be the monic polynomial solution of degree n of (), where σ (x) and τ (x) are given in (), and λ n is given in (). Then, the coefficients β n and γ n of the three-term recurrence relation () are explicitly given by
and ,n = -
Next, we obtain the (p, q)-difference representation for the polynomial solutions of ().
Theorem . Let P n (x) be the unique monic polynomial solution of (). Then, the following relation holds:
and ,n and ,n are explicitly given in () and ().
Proof The result follows by equating the coefficients of ().
Moreover, the polynomial solutions of () also satisfy a (p, q)-structure relation.
Theorem . Let P n (x) be the unique monic polynomial solution of (). Then, the following relation holds:
and the coefficients are explicitly given bŷ
where ,n and ,n are given in () and (), respectively.
Proof The result follows by equating the coefficients of ().
Examples

Example 1: Appell families
If {P n (x)} n∈N is a polynomial solution of () such that
then the solution of () is said to be of Appell type. To find these families, by the (p, q)-difference representation () the above condition () is equivalent to V n = W n =  for all n.
By equating V  = , since p =  and q = , we obtain three following possibilities: (i) a = b = , which implies that V n = W n = . In this case, since d = , we can conclude that the coefficients of the three-term recurrence relation () are given by
assuming that p = q. Notice that
(ii) b = e = , which implies that V n = . In order that W n = , we must analyze three cases, (a) a = , which implies
assuming that p = q; (b) c = , which implies γ n = , and therefore we have no orthogonal polynomial sequences;
(c) p → q, for which we also need c =  in order to have W n = . Therefore we have no orthogonal polynomial sequences again.
, assuming that a =  and e = , which gives no orthogonal polynomial sequence after imposing that V n = W n =  for n ≥ . As a consequence of this analysis, we observe that the unique possibility for having (p, q)-Appell families is a = b = , which contains as a particular case the symmetric option a = b = e = . It is possible to assume that c =  without loss of generality. 
up to a normalizing constant, where
In this case, the Pearson-type (p, q)-difference equation reads as
with E p,q defined in ().
Remark . We emphasize that as
converges formally to the differential equation of Hermite polynomials. Moreover, the polynomials y n (x; p, q) defined in () converge to the well-known Hermite polynomials, and the weight function w(x; p, q) defined in () converges to exp(-x  ).
The monic polynomial solutions of () satisfy a three-term recurrence relation of the form y n+ (x; p, q) = xy n (x; p, q) -C n (p, q)y n- (x; p, q) , b) ; (p, q)) λ is defined in ().
